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Abstract. This paper provides approximations to utility indifference prices for a contingent claim 
in tlie large position size limit. Results are valid for general utility functions and semi-martingale 
models. It is shown that as the position size approaches infinity, all utility functions with the 
same rate of decay for large negative wealths yield the same price. Practically, this means an 
investor should price like an exponential investor. In a sizeable class of diffusion models, the large 
position limit is seen to arise naturally in conjuction with the limit of a complete model and hence 
approximations are most appropriate in this setting. 



1. Introduction 

The problem of pricing contingent claims in incomplete markets is classic in Mathematical Fi- 
nance. In contrast to the case of complete markets where perfect replication is possible, in the 
incomplete setting arbitrage arguments alone typically yield a range of fair prices for a given claim. 
Furthermore, as specific examples show (see Section 14. 3p . this range can be maximal in that it 
coincides with the set of all possible values the claim may take. Therefore, the definition of the 
"price" for a claim must be altered in a manner to incorporate some criterion other than simply 
precluding arbitrage opportunities. 

The theory of utility maximization provides a way to price contingent claims which incorporates 
investor preferences. There are essentially three types of utility-based prices : indifference prices, 
obtained by balancing owning and not owning the claim; marginal prices, found by asking why a 
given position size is optimal; and prices obtained via expectations according to the pricing (or 
martingale) measure optimal for the dual utility maximization problem. In the complete setting, 
these three prices collapse to a singleton but in the incomplete setting they may all yield different 
values. In th is article, indifference prices are considered. The idea behind indifference pricing 
traces back to Hodges and Neuberged 1989l | and the topic has been studied by many authors : see 
Carmonal I200J 

for a comprehensive review and Section [2] for a number of references relevant to 
this paper. Here, it is assumed the claim may be bought in various contract sizes and that investors 
leverage themselves to own the claim. Hence, it is natural to consider the average indifference (bid) 
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price p, determined implicitly through the equation 

(1.1) uu{x - qp,q) = uu{x,0). 

In the above equation, uu{x, q) represents the optimal value an investor with utility function U can 
achieve, starting with q units of the non-traded claim, and x dollars which she may freely invest. 
Thus, p represents the price at which one may purchase units of the claim, such that the investor 
is indifferent between owning or not owning q units of the clainj^. 

As is immediate from (jl.ip . to compute p, knowledge of the value function uu{x,q) is crucial. 
Except for a few special utility functions and models, uu{x,q) is not explicitly known and this 
presents the primary challenge for obtaining indiffer ence prices. Absent an ex plicit formula for 



uu{x,q), it is natural to take an approximation. In iKramkov and Sirbul |2006l ]. approximations 
to utility-based prices are taken in the limit of a small number of claims (i.e. qn i for some 
sequence {qn)nen)- In this article, the perspective is taken of an investor with a large position size 
(i.e. t oo). 



In the small claim limit, 



Kramkov and Sirbu 



20061 ] allow qn -l within a fixed market M 



{{Q,T,¥,F) , S) where (0,J^, F,P) is a filtered probability space and 5 is the asset price. For 
large positions, it is desirable, even necessary, to allow the market to change with the position size 
and hence study the joint limit of {Mn,qn) as qn t oo. In fact, the large claim limit naturally 
arises when M„ converges, in some sense, to a complete market (see Section [4.31 for an example). 
To gain intuition for why this is so, consider when a rational, risk averse investor would, in an 
incomplete setting, take a large position in an un-traded claim. If the market were fixed, then 
as the position size increases the unhedgeable component (for one unit) of the claim poses an 
ever larger problem. Consequently, the investor would not hold a large position unless he was 
getting the best deal possible, yielding that the large claim limit would either a) never arise or 
b) drive indifference prices towards the minimal arbitrage free price. Clearly, this same argument 
holds when the market is changing, but not limiting to a complete market in that the unhedgeable 
component of the claim does not vanish. 

Conversely, assuming the investor can purchases shares for a traded price p'^, if the market is 
becoming complete then the number of shares purchased becomes highly sensitive to and hence 
the large claim limit naturally arises. As an extreme example, if the market were complete then 
unless p^ is the unique arbitrage free price it is optimal for the investor to take an infinite position 
in the claim. Of course, in practice it is not possible to take infinite positions, just like in practice, 
markets are typically not complete. It is precisely in this setting of near completeness that large 
claim analysis seeks to provide an approximation. 



-'^A second formulation for an indifference price comes via the equation uu{x,q) = uu{x + qp,0)- This price will 
not be considered, as the one in (|l.ip more closely corresponds to case of where one is highly leveraged: a typical 
situation for investors holding large positions. 
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Motivated by the preceeding heuristic argument, approximations to utihty indifference prices are 
obtained for a sequence of positions g„ t 00, where both the market and the claim are also parame- 
terized by n € N. Furthermore, the limiting prices are likely to be of greatest use when the market 
is becoming complete. To avoid thorny issues regarding the set of admissible trading strategies, 
most notably, violation of adage that one is allowed to hold the claim and do nothing else, the 
sequence of claims is assumed to be uniformly bounded and utility functions defined on the whole 
real line are considered. This is in contrast to the small claim limit where in Kramkov and Sirbu 



2006l | the utility function domain is restricted to the positive real axis and a weaker "domina- 



tion" condition is imposed on the claim. For utility functions on the real line. 



Owen and Zitkovic 



2009l | provides, under minimal conditions, variational representations for utility indifference prices 



determined by (jl.ip . upon which the results in this paper heavily rely. 

The main result of the paper. Theorem 13. 4^ states that for indifference pricing purposes, as 
n t 00, only the utility function's decay rate at negative infinity (precisely defined in (j2.5p ) matters. 
Thus, all utility functions with the same decay rate yield the same price. There is a simple 
message conveyed by Theorem 13.41 and its immediate consequence. Corollary 13. 5t an investor 
should identify her decay rate at negative infinity and then price as if she were an exponential 
investor with this absolute risk aversion (see (j2.3p ). Since for exponential investors, indifference 
prices are independent of initial wealth, it suffices to consider an initial wealth of zero. 

The crucial assumption which yields Theorem 13.41 is that as n 00, the monetary certainty 
equivalent for an exponential utility investor goes to zero for all levels of absolute risk aversion (see 
Assumption 13.11 and Lemma l3.2p . This assumption is mild: in its absence a very strong form of 
asymptotic arbitrage holds, where there exist trading strategies which yield a profit of at least n 
with approximate probability 1 — (see the discussion following Lemma l3.2p . 

It is important to note that Assumption 13. II contains, but is not limited to, the cases of both a 
fixed market and a market which is becoming complete. It is expected that prices are most useful in 
the latter case, but prices still r nay converge in a rnore ge neral setting. Indeed, in the fixed market 



case. Proposition [3]6] (proved in lOwen and Zitkovid |2009t |) says that prices converge to the minimal 



arbitrage free price. In fact. Proposition 13.61 does not require the utility function U to achieve a 
limiting decay rate, as in (j2.5p . This result, in combination with limiting indifference prices for 
deterministic claims such as sin(n), shows there are no necessary and sufficient conditions on the 
utility function alone which guarantee prices will converge in the large claim limit. However, as 
Proposition 13. 71 proves, the assumption of a limiting decay rate is minimal to ensure prices converge 
for all g„ t 00 and markets M„ such that {qn,Mn) satisfies Assumption 13.11 

As mentioned above. Section [3] shows, in a fair level of generality, that as the position size 
becomes infinite, an investor should identify her utility rate of decay at negative infinity, and then 
price as though she were an exponential investor with this absolute risk aversion. In Section U] a 
number of the questions related to the large claim analysis posed in the heuristic discussion above 
are addressed. Namely: 
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i) How useful are the limiting prices if the market is not changing with position size? 

ii) If an investor is acting optimally, when does the large claim limit arise? 

iii) In the large claim limit, to what are the indifference prices converging for a utility function 
satisfying the hypotheses of Theorem 13.41 .'' 

These questions are considered for an exponential investor a class of diffusion models (see (|4.ip ) 
where the claim is on a non-traded asset. Depending upon the parameter values, models within 
this class are called basis risk, or stochastic volatility models. The crucial parameter is the instan- 
taneous correlation pn between the hedgeable and unhedge able shocks which measures the degree 



of incompleteness within the market. Using the results of iTehranchil [200J], which identifies the 
value function for a fixed market and position, it is possible to precisely answer each of the above 
questions. 

Lemma 14.31 in Section [4.21 answers question i) by showing that for a fixed pn = p, indifference 
prices converge to the minimum possible value the claim could take, and hence cannot reasonably 
be called a price, since no one would sell at this value. Proposition 14.51 in Section 14.31 takes up the 
second question, and shows that, given an opportunity to purchase claims for a prescribed price , 
the limit of t arises if and only if the market is limiting to a complete model (i.e. — )• 1) 
and is the not the unique arbitrage free price in this model. Intuitively this result is clear: one 
would not own a large position unless one is getting a good deal on the price and holding the large 
position is not too risky. Additionally, Proposition 14.51 identifies the precise rate at which holdings 
become large : namely, the optimal position size qn satisfies the relationship (see (|4.10p and (j4.14p ) 

g„ X (1 - pI) « K, 

where K is the optimal quantity of the claim to hold in the limiting complete market, assuming no 
trading in the underlying asset. Section addresses the last of the three questions listed above. 
Specifically, Proposition 14.61 identifies the limiting indifference price as the certainty equivalent of 
an exponential investor who owns one unit of the claim in the limiting complete model (see (j4.16p ). 

Section [3] concludes by addressing two topics in the limit that /)„—)• 1. First, a comparison is 
made between the limiting indifference and marginal price for an exponential investor. It is shown 
that even though the limiting model is complete, these two prices need not come together and in 
fact, (see (|4.18p ) the well-known differential relationship between marginal and indifference prices 
is preserved through the large claim, nearly complete limit. Second, an argument is made that the 
correct notion of "market becoming complete" within this class of models is that p„ — > 1, and not 
any statement regarding the class of equivalent local martingale measures collapsing to a singleton. 
Indeed, if /9„ — ?■ 1 then Proposition 14.71 constructs two sequences Ql^ and of local martingale 
measures such that the relative entropy of to is approaching infinity with rate 1/(1 — p^). 

Lastly, for exponential utility, risk aversion and claim size are inextricably linked. Given this. 
Section [5] shows how the results of Theorem 13.41 naturally embed the large position limit pricing 
problem within that for the large risk aversion limit, thereby making connections with recent 
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results for risk aversion asymptotics (see ICarassus and Rasonyil 201 Section [6] contains a brief 
conclusion and Sections [7] - [10] contain all the proofs. 



2. Setup 



2.1. Model. The setup is similar to lOwen and Zitkovid |2009l | except that the market is parameter- 
ized by n € N which is studied in the limit as n f cxd. Specifically, let T > denote the horizon. For 
each n, let (O", J""-, F"-, P") be a filtered probability space where the filtration F" = (-7T)o<t<T 
assumed to satisfy the usual conditions of right-continuity and F" completeness. Assume = T'^ . 
The d risky asset prices S*" = (Sf , . . . , S^) are assumed to be a locally bounded, M"^- valued semi- 
martingale (with respect to the given stochastic basis). Zero interest rates are assumed. In addition 
to being able to trade in the risky assets 5", the investor owns a non-tradable contingent claim /i" 
which pays off at time T. The following assumption is made regarding (/i")„gN and the size of the 
position held: 



Assumption 2.1. For each n G N, /i*^ is measurable. The family of claims (/i" 
bounded in that 



2gN is uniformly 



(2.1) \\h\\oo ■■= sup ||/l"||L°°(f7",J^",P") < oo. 

n 

For {qn)n sN) Qn of units of the claim h are held and Qn ^> oo as n t CO. 

Remark 2.2. Since (/i")neN satisfying Assumption 12.11 implies (— /i"').„gN does as well, there is no 
loss of generality in assuming (7„ f oo. 

Example 2.3. Two examples to keep in mind are based off of the following model: 



(2.2) 



dsi 

S? 



li{Yt)dt + a{Yt)dZt; dYt = b{Yt)dt + a{Yt)dWt] d[W, Z]t = pndt, 



where Z,W are Brownian motions and pn G (—1,1). In the first example, h"' = h(Yr) for some 
bounded, measurable function h on the state space of Y. Depending on the parameter values, these 
are typically called either basis-risk or stochastic volatility models and the goal is to price options on 
the non-traded asse t Y. For exponent i al utility, util i ty-based pr i cing i n such models has been exten- 
sively studied : see 



Henderson 



200211: 



Davis 



199711: 



Tehranchi 



2004 1 : iMusiela and Zariphopoulou 



20041 1 : 



Frei and Schweizei 



2003,120091]; 



Carmona 



200! 



Monovios 



20071 ] amongst others. In the 



second example, = h{S^) for some bounded, measurable function h on (0, oo). The goal is 
to price cla ims which are not easily traded ari d cannot be replicated by trading in S*". For these 
models, see 



Ilhan et al 



20091 ]: 



Carmona 



20091 ] for utility-based pricing results which are based on 



Partial Differential Equation methods. 
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2.2. Utility Functions. Recall that for a concave increasing function U G C^(M), the absolute 
risk aversion is given by 

. X , X U"{x) 

(2.3) a„(x) := 

With this notation, the following family of utility functions is considered: 

Definition 2.4. Let a > 0. Define lAa to be the class of functions U S C^(]R) which satisfy 

i) [/'(O) = 1 and lim^^oo U{x) = 0. 

ii) There exists some Ku > 1 such that, for x € M 

(2.4) < auix) < Ku. 

Ku 

iii) For large negative wealths, —U achieves the growth rate: 

(2.5) lim --log(-C/(x)) = a. 

x].— OD X 

For a given U &Ua, Lemma l9. II shows that i i) imp lies U satisfies the hypothesis of Reasonable 
Asymptotic Elasticity given in ISchachermaveii 200l[. Furthermore, if lima.j^_oo 0(7(3;) = a then, 
using I'Hospital's rule, condition ii) implies (12. 5p holds. However, it is not necessary that the 
absolute risk aversion converge for U to be in Ua- For example, set 

U(x) = -aix+Ksin(x))_ 

For > small enough, U € lAa but au{x) has no limit as a; J, —00. Note that the re- 
normalizations in i) are done to make sure log(— [/(x)) is defined for all x G M. If a function 
[/ G C^(M) satisfies conditions ii) and iii) then it is bounded from above and limits to —00 as 
x \. —00. In this instance, (|2.5p is still well defined for large negative x and 



[/(x) := J— (U{x) - [/(«))) e 



U'{0) 

For U € Ua, define V : (0, 00) 1— )• M to be the convex conjugate of U : 
(2.6) V{y) := sup {U{x) - xy} . 



xGR 

As is shown in Lemma 19.31 V € C^(0, 00) is strictly convex, can be continuously extended to by 
setting V{0) = 0, and 

(2.7) lim /fa' , = i. 

ytoo y(log2/ - 1) a 

The canonical example of a function in Ua is the exponential utility: 

(2.8) Ue^ix) := --e-°^. 

a 
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(j2.5p implies that each U £ Ua has the same asymptotic behavior at — oo as Ua- Furthermore, 
()2.7p imphes V has the same asymptotic behavior as y t oo as the convex conjugate Va to Ua in 



(2.9) Va{y) = -y{logy-l). 

a 

2.3. Martingale Measures. Fix n € N. Let Al"''^ denote the set of probabihty measures Q"" <C 
P*^ on J^" such that 5" is a local martingale under Q". Recall that for any <C P" on J^" the 
relative entropy of /.t with respect to P" is given by 



(2.10) (^ I P") := 



dn , / dn 
log 



The subset of JvV^'"- containing measures with finite relative entropy with respect to P" plays a 
central role. Therefore, define: 

Definition 2.5. 

(2.11) M^^"" := {Q" G : (Q" | P") < oo} . 



The following assumption on A^"'"' is standard (see [Owen and Zitkovid . |2009| . Assumption 1.4]) 



and essentially rules out arbitrage opportunities when investing in 5"". 
Assumption 2.6. For each n, M^^'^ ^ 0. 

2.4. The Value Functions. Let n € N. A trading strategy is said to be admissible if it is 
predictable, 5"" integrable under P", and such that the gains process (ff" • 5") remains bounded 
above a constant a (which may depend upon iJ") almost surely on [0, T]. Denote by "H" the set of 
admissible trading strategies. 

Let a > and U € Ua- For x, (7 € M, the value function ti{}(x, q\ /i") is defined by 

(2.12) n^(a;,g;/i") := sup E^" [[/ (x + (/7" • 5")t + g/i")] • 

Remark 2.7. n appears in two places in the value function. The superscript n outside the paren- 
theses represents the fact that the assets S"^ and local martingale measures Q*^ are changing with 
n. The n in /i" represents the fact that the claim may be changing with n. In the case where 
/i" = 0, set 

(2.13) u^{x):=ul{x,q-Q). 

2.5. Utility Indifference Pricing. Let G N, a > 0, C/ G Z^a and x, g € M. For /i" satisfying 
Assumption 12.11 define the average utility indifference (bid) price Pf}(x,g;^") implicitly as the 
solution to the equation 

(2.14) u^}(x) = n^(x - gp^(rE, q; h^),q; h^. 

Thus, Pij{x, q; /i") is the amount an investor would pay per unit of h" so as to be indifferent between 
owning and not owning q units of the claim. 
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3. Indifference Prices in the Large Claim Limit 

Let (/i", g„)„gN be as in Assumption 12. 1[ p^{x,qn;h'^) is now studied in the limit that n t oo. 
Proofs of all assertions made herein are given in Section [71 

3.1. Assumptions and Main Results. Results are obtained under the following: 
Assumption 3.1. 

(3.1) lim— inf H{Q''\r') = 0. 

As the next Lemma shows, Assumption 13.11 is intimately connected with the value functions 
u^{x) from (|2.13p for U e Ua as n oo. 

Lemma 3.2. Let Assumptions \2. 1\ and \2.6\ hold. The following are equivalent: 

1) Assumption \3.1\ holds. 

2) For each a > 0, U G Ua and x G M 

(3.2) lim — \og{-u^{x)) = 0. 

"■too Qn 

3) For some a > 0, [/ G Ua and x G M 

(3.3) lim — log(-u|}(x)) = 0. 

Consider when Assumption 13.11 does not hold : i.e. there is a /3 > 0, subsequence rik ^ oo and 
integer Nk such that for > N^, infQn^g_^n;.,a H {Q"* \ P"'-) > f3qn^. One consequence of this is 
that for any a > and large enough there is an admissible trading strategy H(a,nk) satisfying 



[H (a,n,.)t-5"*)^> 



> 1 _ e-9"fe/3/2. 



4a 

Thus, in the absence of Assumption 13 . 1 1 a very strong form of asymptotic arbitrage holds : namely, 
there exists a sequence of permissable trading strategies such that the probability the terminal 
wealth fails to grow like Qn^. decreases to exponentially fast on the order of Qn,. ■ An asymptotic 
arbitr age of the form above is similar to a strong arbitrage as defined in lFollmer and Schachermaver 



20071]: see this reference for a more detailed discussion on the topic. 



Remark 3.3. Note that Assumption [371] holds for any g„ t oo if 
(3.4) lim sup inf F (Q" | F") < oo. 

ntoo Q"gA4"'" 

As shown in Section 14.31 the large claim limit naturally arises in the case where the market is 
"becoming complete" in the sense that the models 5" limit to a model S°°, which is complete with 
unique local martingale measure Q. In this case, ()3.4p holds as soon as i7 (Q | P) < oo. 

The main result of the section is now presented. Essentially, it proves that all U &Ua yield the 
same average indifference prices as n t oo. 
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Theorem 3.4. Let a > 0. Let Assumptions \2.1l \2.6\ and \3.1\ hold. Then there exist universal 
constants K, K G M such that for aZ/ x € M and U £Ua 

(3.5) limsuppij{x,qn;h"-) = K; liminf pj}(x, h") = 

nfoo "too 

The following Corollary is immediate and shows that practically, it suffices to consider the 
exponential utility. 

Corollary 3.5. Let a > 0. Let Assumptions \2.1\ and \2.(!\ and \3.1\ hold. If there exists a K* G M 
such that for some x* G M and U* G Ua, limn-i^^Pij*{x* ,qn;h"') = K* , then for all x £ M. and all 
U G Ua, lim„-|-ooP[/(x, g„; /i") = K* . In particular, it suffices to check x* = and the exponential 
utility Ua from (|2.8p . 



3.2. Pricing when Only the Position is Changing. Theorem 13.41 shows that under certain 
mild conditions on the markets and claims, each U £lAa prices the same asymptotically. Consider 
when nothing is changing with n except the position size: 

(3.6) (0",^",F",P") = (0,7-,F,P); = h'' = h. 



In this instance, the forthcoming Proposition, proved in [Owen and Zitkovid . I2009I . Proposition 
7.5], states that prices converge even if (j2.5p fails. Since Al"''^ does not change with n, write 
M-"- = JvO'^'^ and Pu{x, q; h) for p1j{x, q; h). 

Proposition 3.6. Let U G C^(M) satisfy conditions i,ii) in Definition \2.4\ Let the model be as in 
(|3.6p and such that Assumptions \2.1\ and \2.6\ hold. Then for all x gU. 



(3.7) lim pu{x, qn, h) = inf [h] . 

nfoo QG>(° 

In essence, if nothing is changing with n except the position size, which itself if becoming 
increasingly large, then the investor's risk aversio n will "take over" and the only price she will be 



willing to pay for h is the smallest arbitrage free ( Ilhan et al.l . l2005l . Definition 2.1]) price. 



3.3. On the Necessity of in Definition [231 Proposition ESI shows that if [/ G C2(R) 

satisfies condition z, ii) in Definition 12.41 then, asymptotically, the average indifference prices still 
may converge, even if (j2.5p does not hold. Similarly, by considering the deterministic claim /i" = 
sin(n) it is clear that prices may not converge for any utility function, irrespective of whether (j2.5p 
holds. 

Therefore, it is impossible to give necessary and sufficient conditions on the utility function 
alone which guarantee convergence. However, the following Proposition shows that condition (j2.5p 
is minimal to guarantee convergence in all markets satisfying Assumptions 12. H 12.61 and 13.11 where 
prices for the exponential utility function do converge. 
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Proposition 3.7. Let U € C^(M) satisfy conditions i,ii) in Definition \2.4\ but assume that (|2.5p 
fails in that 

(3.8) a = liminf log(—U{x)) <limsup log(—U{x)^ =a. 

xlcx) X \ ) x^-oo X \ ) 

Then, there exists a sequence of markets (0", J^", F", P"), S" , claims and position sizes qn \ oo 
such that 



1 ) Assumptions \2.1l \2.6l \3.1\ are satisfied. 

2) For all x € M, the indifference prices p'^{x, qn', /i") cannot converge as n t co. 

3) For all a > 0, all U G Ua and all x S M, the indifference prices Pij{x, q-n] /i") converge as n t oo. 



4. Pricing for Basis Risk Models 

The results of Section [3] are now specified to the class of models from Example 12.31 Proofs of all 
assertions made herein are given in Section [8j 

4.1. Model and Assumptions. Consider the model: 

— ^ = fi{Yt)dt + a{Yt)prrdWt + a{YtUl- pldBt; Sl^ = 1, 

(4-1) dYt = b{Yt)dt + a{Yt)dWt; Yo = yo, 

h"" = h{YT). 

The probability space ($7, P) is two-dimensional Wiener space and the filtration is the aug- 
mented version of the right-continuous enlargement of the natural filtration J^^'^. The following 
assumptions are made regarding the coefficients in (|4.1|) . It is evident that under these assumptions, 
Assumptions 12.112.61 and [3.11 hold for any q„ — > oo. 

Assumption 4.1. For some open, connected interval C M, a and b are locally bounded, Borel 
measurable functions from to M such that there is a strong solution (with respect to the P- 
augmented filtration of W) to the stochastic differential equation for Y and Y takes values in E 
for < t < T. ji and a are bounded, measurable maps from to M such that 

(4.2) \{y) := p{y)/a{y) 

is bounded on E. /i is a continuous, bounded function from £■ to M and p„ € (~1) 1) for all n. 

Example 4.2. The canonical example (and the motivation for the name "basis risk") is when 
and Y are two geometric Brownian motions with instantaneous correlation This corresponds 
to /i(y) = /i, a{y) = cr, b{y) = by and a(y) = ay f or some u,b £ R an d a, a > 0. Pricing results for 
these models have been obtained in 



Henderson 



20021 1 : IPavisI [19931; iMusiela and Zariphopoulou 



2004( 1 amongst others. 
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4.2. Constant Correlations. Let a > 0, U & Ua and assume for all n that pn = p for p € (—1, !)■ 
In this case S is not changing with n so write Ai"' = Ai^''^. According to Proposition l3.6^ the average 
utility indifference price converges to inl^^j^a [/i(1t)]- Specified to the above model, this price 
is the minimum value of h{y) on E as the following Lemma shows: 

Lemma 4.3. Let Assumption\4.1\hold. Then 



(4.3) inf HYt)] = ess inf[h(YT)] = inf h{y). 

Since no one will sell at the minimum possible value for h, pn must be changing with n in order 
for prices in the large claim limit to be of use. Indeed, this result is the primary motivation for 
parameterizing the markets by n. To motivate how pn must change for the large claim limit to 
yield viable prices, the next section investigates the relationship between the market and position 
size. 

4.3. Optimal Quantities for a Given Price. Let pn be given. By Lemma [4.3l (the upper bound 
follows in a similar manner to the lower bound) the range of arbitrage free prices for /i(It') is given 
by the interval 

(4.4) /(/i) :=(inf %),sup%)). 

Let p G lih)- Assuming that one can buy an arbitrary number of claims of h{YT) for the price p 
the question naturally arises as to what the optimal number q is. One possible way to answer this 
question, taking into account investor preferences, is to solve the variational problem 

(4.5) max Uij{x — qp,q;h), 



and identify an optimal q{p). In utility based pricing terminology, one seeks a q{p) such t hat p is a 



margi nal utility price at {x—pq{p), q{p))- For utility functions defined on the positive axis. ISiorpaes 



20101 1 gives general conditions under which (j4.5p admits a maximizer, though no practical method 



for finding the maximizer. For U € Ua, in light of Corollarv 13.51 it is natural to first solve this 



problem for the exponential utility. In this case, under Assumptions 12. Il and 12.61 Ilhan et al.l . l2005l . 



Theorem 3.1] proves existence of a unique maximizer q{p) to (j4.5p . In the basis risk model, using 



the results of 



Tehranchi 



2004( 1 . it is possible to precisely identify q{p). For ease of presentation, for 



a given p € M, set 

(4.6) Z{p):=£{-p I^XiYt)dWt^ 



Lemma 4.4. Let Assumption \4-l\ hold, p G I{h). The unique qn{p) solving (j4.5p for Ua{x) 
— e~"^/a takes the form 
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where /3n is the unique real number satisfying the equality 



(4. 



P 



Z{pn)h{YT) exp (-Pnh{YT) - i(l - pI) \{Ytfdt 



Z(p„)exp -/3„/i(yT) - ^(1 - pI) /o mfdt 



Using Lemma [4.4l the following Proposition provides precise conditions when the optimal number 
of claims qn{p) becomes large for an exponential investor: 

Proposition 4.5. Let Assumption \4-l\ hold. Let p G L[h) and define qn{p) o,s in (j4.7p . Assume 
that pn p for some p € [—1, 1]. Then sup„ |(7n(p)| = oo if and only if \p\ = 1 and p ^ p where 



(4.9) 



p = ¥F[Z{p)h{YT)]. 



In all cases, 
(4.10) 

where is the unique real number satisfying 



limg„(p)(l -p^) = — , 

ntoo a 



(4.11) 



p 



Z{p)h{YT) exp [-(3MYt) - ^(1 - P^) Jo KYt?dt 



Z{p) exp -myr) - ^1 - p2) X{Ytydt 



Consider the case when pn ^ 1. In this case, the limiting model is complete with unique local 
martingale measure Q ~ P where 



(4.12) 



dF 



Z{1) = £ 



X{Yt)dWt 

/ T 



The equation for /3* simplifies considerably to 



(4.13) 



and p from (j4.9p is just the unique arbitrage free price for h(Yp) in the limiting model. Using (j4.13p 
it is clear that if p ^ p then /3* 7^ and the large claim limit is encountered. It is not immediately 
clear that if /3* = then the large claim limit is not met, but indeed this is the case. Thus, an 
investor, acting in an optimal manner, will encounter the large claim limit if and only if 

i) The market is "becoming complete" in the sense that /9„ ^ 1. 

ii) The traded price p is not the unique arbitrage free price for /i(1t) in the limiting model. 

In other words, the large claim limit is met if the investor, though not receiving an arbitrage 
opportunity, is none the less getting a good deal. From (j4.13p . it is clear that /3* is found by 
exponentially tilting h(YT) under Q by a factor of f3 until the mean of hiYx) under the tilted 
measure is p. An alternative interpretation for /3^, comes by considering the variational problem 
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3]) for exponential utility in the limiting, complete model, and under the restriction that one 
cannot trade in the underlying asset. In this case, the problem is to solve 

(4.14) max-^ g-^a/^Cir) , 

qm a I J 

It can easily be seen that the optimal q takes the form q = j3^/a. It is interesting to note from 

()4.10p that once the incompleteness parameter 1 — is accounted for, determining the optimal 

number of claims to hold essentially comes down to solving (j4.14p . In other words, one need only 

identify the optimal constant /3* and then hold /3*/(a(l — /3^)) number of claims. 

4.4. Pricing for U ^lAa- In this section, large pricing results for U & Ua are given in the limit 
p„ t 1 • III light of Proposition 14.51 it is assumed that for some 7 7^ 

(4.15) ""-W^y 

Note that it is not assumed 7 = /3*/a from Proposition 14.51 This is because U £Ua are considered 
and the quantity based upon was specific to the exponential utility. However, the qualitative 
idea that 

position size x incompleteness parameter ~ constant 
is maintained. With this qn the following holds: 

Proposition 4.6. Let a > and x* G M. Let Assumption \4-l\ hold. Let Q he defined via (j4.12p . 

Assume Pn t 1 Qn is given by ()4.15p . Then for all x (zM and U (zUa 

(4.16) limp^(x,g„;/i) = -— logE^ [e-°^'^(^^) . 

nfoo 07 L 

Therefore, p'^{x]qn]h) limits to the certainty equivalent for hiYy) under Q for an exponential 
investor with risk aversion 07. 

4.5. A Comparison. It is interesting to compare the marginal and indifference prices in the large 
claim limit. To make this comparison, assume pn t li l^t p S I{h),p 7^ E*^ [/i(It')] and take the 
following steps: 

1) Compute qn{p) according to (|4.7p and (j4.8p . 

2) For this qn{p) compute the average utility indifference price p]j^{x, qn{p); h) for exponential 
utility. 

3) Compute lim„-^oo Pu^ (x, qn{p); h). 

Completing these three steps. Propositions 14.51 and 14.61 implv (see equations (j4.13p and (|4.16p ) 

(4.17) limp^J:r,g„(p);/.) = -llogE«3[e-'^*'^(^-)T- --^ ^'^^^^^^ 



where /3* is from (j4.13p . Note that the limiting indifference price does not depend upon a. Thus, 
for any U £Ua and any a > the role of the limiting decay rate a is restricted to determining the 
optimal quantity qnip) of claims to hold for a given arbitrage free price. 
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To compare the two quantities in (|4.17p define the functions 



(4.18) 



--logE^ 



[h{YT)e- 



-myr)] 



[e 



-l3h{YT)] 



The dominated convergence theorem implies (d/dP) {f3pi{(3)) = PmiP)- For general models, it 
is well known for exponential utility that the marginal and indifference prices, as functions of 
the number of claims q (they are not functions of initial wealth x), satisfy the same differential 
relationship. Therefore, once the incompleteness and growth parameters are accounted for, the 
differential relationship between the marginal and (average) indifference prices is preserved through 
the large claim, nearly complete limit. 

In complete markets, all utility based prices take same value as the unique arbitrage free price. 
Since the limiting market is complete, one may think that the two quantities in (j4.17p are equal: 
i.e. that pi(/3*) = Pm(/5*)- However, an elementary calculation shows this is not the case. Indeed, 
Pi{l3) and PmiP) only come together at /3 = 0. Else, pi is greater than pm for /? > and less for 
/? < 0. 

Recall the formula for /3* given in (j4.13p . This section concludes with a Proposition which gives 
an alternate description of the difference Pi(/3=i,) — Pm{P) in terms of the limiting relative entropy 
between two sequences of local martingale measures. The purpose of this lemma is to show that 
even though the model is "becoming complete" in that /9„ — t- 1 it is absolutely not true that the 
family of local martingale measures is collapsing, with respect to relative entropy, to the unique 
local martingale measure of the limiting model. Before s tating Proposition 14.71 recall that for 
exponential utility it follows that 



Owen and Zitkovic 



20091 1 : 



Delbaen et al 



2002] 



(4.19) 



inf 



a 



exp 



and that for each n there exist a unique minimizer to the above variational problem. 



Proposition 4.7. Let Assumption \4. 1\ hold. Let p„, f 1, p € I{h), qn{p) as in (j4.7p and let /3* he 
as in Proposition \4-5\ Then 



(4.20) 



where 



Pi{P*) -Pmi(3*) = lim 



1 — 



ntoo Pn 



1) q^'i'^ip) G M""'"- solves the dual problem ([iT9]) with qn{p). 

2) Q"^'^ G Ai^''^ is the "minimal entropy martingale measure" in that it solves the dual problem 
(iroi) for h = 0. 

Proposition 14.71 shows that for p ^ E^^ [/i(lj')], since /3* / 0, the relative entropy between the 
local martingale measures and Q"'*^ is approaching infinity with rate (1 — Pn)~^- 
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5. Connections with Risk Aversion Asymptotics 

It is a (un)fortunate aspect of exponential utility that the absolute risk aversion and the number 
of units of the claim held are interchangeable with respect to indifference pricing. Specifically, the 
average indifference price one would pay for q > claims of /i", given a level a > of absolute 
risk aversion, is the same indifference price one would pay for 1 claim of /i" at a level of qa of 
risk aversion. This can easily be seen by noting that for any q,a > 0, x £ M. and n G N, under 
Assumptions 12.11 12.61 (recall that Ua is given in ()2.8p ) 

U^iqx) = qU,o.{x)- ulSx,q-h^) = e-°^n^JO, /i"); € T^"''^'^'" ^ qH^ € 7^"''^'^"^. 

Therefore (recall the notation in ()2.13p ) 

1 / < (0) \ 1 / qu?j (0) \ 



Indiffer ence pricing in the lar ge risk aversion limit has been studied by many authors. iRouee and El Karoui 



2007 



2000 1 and 



Jelbaen et al 



I2OO2 I 



consider the case of exponential utility and, more recently, 
20 111 ] extend results to general utility functions on the real line. In each of these articles, it is 
shown, under suitable hypothesis on the market and utility function, that as absolute risk aversion 
increases to infinity, if the market and claim are not changing as well, then the (ask) indifference 
price for one claim converges the super-replication price of the claim. This is entirely consistent 
with the results in Section 13.21 since therein it is the buyer's indifference price which is considered. 

Thus, an alternative interpretation of Theorem 13.41 is that under Assumptions [2Tl 12.61 and 13.11 
for any a > and U G lAa, as n t 00 the average indifference price for qn claims of /i" will 
converge to the indifference price for one claim of /i" for an exponential investor with risk aversion 
g„a, assuming this latter limit exists. In this sense a large claim investor with utility U ^lAa \s 
transformed into an exponential investor with an extreme risk aversion qnOi. 



Carassus and Rasonvi 



6. Conclusion 

This article considers the problem of obtaining average utility indifference prices for investors 
holding a large number of contingent claims and whose preferences can be described by a utility 
function on the whole real line. It is shown under minimal assumptions on the model (or sequence 
thereof) that, as the number of claims approaches infinity, all utility functions with the same 
limiting decay rate for large negative wealths price the same. Practically this means an investor 
with a large holding should identify her decay rate at negative infinity and price as if she was an 
exponential investor with this rate. 

In the case when nothing is changing but the position in the claim, average indifference prices 
limit to the minimal arbitrage free price for the claim. Thus for prices to be of practical use, the 
market must also be changing with the position size. In a large class of Markovian models, it is 
shown that if an investor, acting optimally, has a chance to buy claims for a given price p the large 
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claim limit is achieved precisely when the market is becoming complete, in that asset and volatility 
correlations are approaching one, and the price p is the not the limiting arbitrage free price. In 
fact, once the incompleteness parameter is accounted for, optimal positions remain approximately 
constant. In the large claim limit, indifference prices converge to the certainty equivalent for the 
claim for an exponential investor. Furthermore, the differential relationship between indifference 
and marginal utility based prices is preserved and even if the limiting model is complete, these 
prices typically are not converging to one another. 



7. Proofs from Section [3] 

Remark 7.1. Remarks on Notation. Unless explicitly otherwise stated, all expectations within 
this section are taken with respect to and denoted by E*^. For any Q" ^ P*^ write 

run 



(7.1) 



Z 



dP" 



Be fore stating the proofs, it i s necessary to introduce some notation, as well as state some results 



from 



Owen and Zitkovic 



20091 1 . Let a > 0, [/ G W„ and define V as in ([221). For any Q" < P", 



the U - generalized relative entropy of /x with respect to P" is given by 



(7.2) 



V ' 



m I Tu>n\ 



V 



Define M"^" as the set of Q" G A^"'" such that Hy 
that Ai^"" does not depend upon f7 for [/ G Ua- 



^") < oo. The following Lemma shows 



Lemma 7.2. Let a > and U ^Un- Then M\ 



Proof of Lemma \7.S\ This follows immediately by applying Lemma 110.21 applied to Y 
y = 1 and (17, -F,P) = (17", T"", P"). 



□ 



In addition to the primal value function u^{x^q;h'^) defined in (j2.12p . and in light of Lemma 
T2l define the dual value function v^j^x^q; h"") as 



(7.3) 



v^{x, q; /i") := inf inf E" V yZ'^''' + yZ^'" (x + g/i") 



The following result from Owen and Zitkovid . 12003 . Theorems 1.8, 1.9] connects the primal and 
dual value functions: 



Theorem 7.3. Let 77, G N, a > 0, C/ G Wq, and x, q G M. Under Assumptions \2. A and \2.6\ it follows 
that M^(x, q; /i") = 7;^(x, q; /i") < 0. 

With these preparations, the proof of Lemma 13.21 is now given. 

Proof Lemma Note: as seen in the proof below, this result holds for all U G C^(M) satisfying 
conditions of Definition 12.41 and hence (|2.5p is not necessary. 
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First, some facts regarding exponential utility are stated. Let 6 > and set Us{x) = —(l/6)e~^^. 
Set Vs as in (j2.9p (with 5 replacing a therein). It is easily seen that My^ = M"^'"" and, by specifying 
T3|) when = 0, that under Assumption 12.61 for any j; G M 



(7.4) n^^(x) = -le"'^^-^^Ve^-«^W" I 

The equivalences are now shown. Note that u^{x) > U{x) and thus it automatically holds that 
limsup^-|.^(l/g„) log(— nj}(a;)) < 0. Therefore, to prove (j3.2|) (resp. (|3.3|) ) it suffices to show 
liminf„i-(l/q„) log(— M^(x)) > for each U G Ua,x G M (resp. some U G Ua,x G M). 

1) ^ 2). Set /3„ = {l/qn)mf^r.^_Mn,a H {Q"^ \ P") > 0. By assumption, /3„ ^ 0. Let x G M. For 
any 5 > 0, by ([73]) 

(7.5) _y^^(^) = ^e-5-'^n/3„. 

Let a > and U € Up,. By constructiori of Ua, for < 5 < {Ku)~^ it follows that au{x) > 6 



on X G M. By |Follmer and Schiedl . |2004| . Proposition 2.47], U{x) = F{Us{x)) for some strictly 
increasing, concave function F. Thus, Jensen's inequality implies u^{x) < u^^{x) and hence 

(7.6) liminf — log(-'u^(x)) > liminf — log (-F (-u^ fx))) . 

ntoo qn ntoo g„ 

In fact, F{x) = U{U^^{x)). Since U^^{x) = -ilog(-5x), ([73]) implies 

qnPn 



(7.7) _F{ul^{x)) = -U[x + 

Let /3 > 0. For large enough n, /?.„ < j3 and hence —U{x + qnPn/S) > —U{x + qnf3/5). Thus, (j7.7p 
and Lemma [9TT] (with a = x,b = (3/5,x = qn) give 

liminf — log(-F«. (x))) > liminf — log ( -[/ ( x + ^ ) ) > -^Ku- 

ntoo g„ ' ntoo Qn V V / / <^ 



The result follows by taking /3 J, and using (|7.6p . 

2) ^ 3). Obvious. 

3) =^ 1). Let a > 0, [/ G Ua and x G M be such that liminf„^oo(l/gn) log(-nf)(x)) > 0. By 
construction of Ua, for 5 > Ku it follows that ajj{x) < 5 on M. As in the proof of 1) 2), this 
implies there is a concave increasing function F such that Us{x) = F{U{x)) and that F{x) < 
for X < 0. Therefore, 

liminf — log(-u^(x)) > liminf — log (-F(n^(x))) . 

"too qn ntoo 

Here, -F(x) = Us{U~^{x)) = —{l/6)e''^^ Plugging this in gives 

liminf — log(-<(x)) > liminf — log ( ig"^^"' W^^^M = liminf —[/-^(^^(x)). 

ntoo qn ntoo qn \d J ntoo g„ 
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Write Pn = log(— and note that, by assumption, /3„ — )• 0. This gives 

liminf — log(-n5(x)) > liminf — C/"^ f^f^QnlSr. 



The result then follows by Lemma 197 

Theorem 13.41 is now proved as an immediate consequence of the following Proposition: 

Proposition 7.4. Leta>0. Let Assumptions \2.1\ \2.6\ and \3.1\ hold. Then 
a) If there exists a K* G M such that for some x* € M and U* G Ua 

(7.8) 

then for all x and all U G Ua 



□ 



limsupp5}*(x*,9„;/i") <K*, 

ntoo 



(7.9) 



limsuppf}(a;,Q'„,;/i") < K* 

nfoo 



b) If there exists a € M such that for some x* G M and G Ua 
(7.10) 

then for all x £R. and all U £Ua 
(7.11) 

Indeed, admitting Proposition I7.4t 
Proof of Theorem\3.4\ Let x £ W, U £ Ua and set 



liminfpf} (x*,g„;/i") > K^, 

ntoo * 



liminfp(}(a;,g„;/i") > 



K = limsuppj^(x, Qn, /i") < 



ntoo 



K = liminfp^(x,g„;/i") > 



ntoo 



If, for some x G M, fJ G it held that limsnp^^^ Pif{x, qn] h"") ^ K then the conclusion in a) of 
Proposition 17.41 would be violated. Similarly, if liminf„-|-oo P{/(2;, ^"') 7^ K. then the conclusion 
in b) of Proposition 17.41 would be violated. Thus, the result follows. □ 

It remains to prove Proposition 17. 4i 

Proof of Proposition \7.A\. Proposition 17.41 relies u pon the following variational representation for 
Plj{x,q;h^''), proved in 



Owen and Zitkovic 



20091 . Proposition 7.2]: 



(7.12) p^(x,g;/i") = - ( inf ( E" 



n vlJ.n 



+ inf - (E" 

y>0 y 



ViyZ' 



+ xy -uij{x) 



Remark 7.5. When comparing (j7.12p with [Owen and Zitkovid . |2009| . Proposition 7.2], note that 
by Lemma 17.21 it suffices to consider the class of measures A^"'" and hence the variational class is 
not changing with U £Ua- 
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The upper bound is handled first. Let K* £ R, x* € R and U* G Ua be such that holds. 
According to (f7J2|) and Lemma HHS] with Y = Z^'^' (for any Q" G and u = u1^,{x*) it 

follows that for each n 



p^.{x*,qn;h^)= inf (E" 



+ 



1 



where by ([102]), for all Q" G satisfies 



(7.13) 



<Vn< -u1j,{x*)Ku*. 



Let U eUa and x G M. Again, from (|7.12p and Lemma [103] applied to T = Z^^'"- and n = 'Uf}(x) 



(7.14) p^(x,g„;/i") = inf E" 



J Or,y« v L \ /J / 



where the optimizer y„ satisfies, for all Q" G 



(7.15) 



-M^(x) 



(7 



<yn< -u1j{x)Ku. 



Under Assumption l3.1l Lemma [3 . 2 1 combined with (j7.13p . (|7.15p imply, uniformly over Q'^ G 



(7.16) 



lim — log(y„) = 0; 

nfoo Qn 



lim — log(y„) = 0. 

"too Qn 



Let e > and choose Q" G M'^'"' such that 

1 



(7.17) E" 
By (EUD 



+ 



InUn 



E" 



pE.(:r,g„;/i") <E" 



+ 



InVn 



E" 



1^ yn^^ 



(7.18) 



<p^.(x*,g„;/i") + e 



InVn 



E" 



+ - uij{x)^ , 

+ x*y„, -n^,(x*)) 



+ 



qnVn 



By applying Lemma 110.61 it follows that for e < min \^Kfj^ , K^}^ /2 there are constants K{e,V*), 
K{e, V) depending only on e, U* and U such that 



(7.19) 



-— E" 

Vn 

— E" 

Vn 



V*{ynZ 



y„Z^ 



< 2AV- 1 log(yn)| + i^(e, F*) - («"' - £)E" [z^'" log(Z^'-) 

< 2Ku I log(y„) \+K{e,V) + {a-^+ e)E" Tz^'" log(Z«'") 



Plugging this back into (|7.18p gives 



pI{x, qn, hi') < pI, {x*,qn; /i") + £ + - 2Ku* \ log(y„) | + K{e, V*) - x* + 



(7.20) 



u^,{x*) 



+ -{ 2Ku\log{yn)\ + K{e,V) + x 



Vn 



+ — E" 



Vn 

Z^'" log(Z^'" 
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Using dZS]), (I7J3]1 . (I7J5]1 and fTTG]) it follows that 



(7.21) 

Now, if 
(7.22) 



lim supp^(2;, Qn, h"") < K* + e + 2e lim sup — Z^'" log(Z^'") 



lim sup — E" [Z'Q'" log(Z^'") < K(e), 



for some K{e) such that ei^(e) — as e J, then the upper bound follows from (j7.2ip by letting 
e 4, 0. To show ([722]), recah from (fTTTD that 



+ 



1 



> 



+ 



QnUn 



E" 



(In KUn 



Using (j7.19p gives 
p^,(x*,g„;/i")+e 
> 



1 



oo + - ( -2irf/. I log(y„)| - K{e, V*) + (a-i - e)E" Z^'" log(Z^'") 



+ X 



Using dZS]), (I7J3]1 . (I7T5]1 and (fTlBD again shows that 



1 



K* + e> -||/i||oo + (a"^ -e)limsup— E" Z^'" log(Z^'") 



So that 



limsup— E" Z'^'" log(Z'^'" 

nfoo Qn 



< + ,= Kie) 



— £ 



Since £K{e) — > as e i the upper bound follows. 

The lower bound follows in a similar manner. Let € M, € M and C/* € Ua be such that 
()7.10|) holds. Let e > 0. For n large enough, (j7.12p and Lemma 110.51 applied to y = Z*^'" (for any 
Qn g _yQn,a-j g^j^j ^ ^ u'^^{x^) give 



(7.23) - e < inf ( E" 



/I'^Z'^ 



+ 



V (e" k (y„Z^^'")j + x,yn - uYjS^,))] , 

» II n \ L \ /J / / 



where now the y„ come from [/* . Let x € M and U € Z^/^ . In light of Lemma 110.51 applied to 
Y = Z'^S." (for any Q" G Ai"'") and u = ul^ix) there is a Q" G such that 



(7.24) 



E" 



+ 



1 



qnVn 



E" 



+ xyn - v!{j{x) < p^{x, Qn, /l") + £■ 
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As before, (|71^ . (TTTSl) and (I7J6]) hold for this choice of yruVn aii^d the rate of convergence can 
be uniformly bounded by that of —u^{x) and —u^ (x*) respectively. From (j7.23p 



+ 



quVn 



(7.25) 



<pEf(a;,g„;/i") + e 



InUn 



E" 



+ xy„ - uij{x) 



+ ^ (e" UnZ'^A] + - . 

qnVv V L V yj * y 



As in the upper bound case, by applying Lemma 110.61 it follows that for e < min | X ^ , A'jy ^ } /2 
there are constants K{e, K), i^(e, F) depending only on e, [7^, and U such that 



(7.26) 



-— E" 

Vn 
1 



E" 



2/n 



< 2Ku\\og{yn)\ + K{e,V) - (a"^ - e)E" [z^'" log(Z^'" 

< 2Ku,\\og{yn)\+K{e,V,) + (a^^ + e)E" [z^'" log(Z^'") 
Plugging this back into ()7.25p it follows that 

K,-e< P&(x, qn, h^)+e + - (2Ku\ log(y„,)| + K{e, V) - x + ^^"j 



(7.27) 



1 



+ — 2Kc/J log(y„)| + K{e, V,) + x. 
Using dZSl), (rrT3D . irrTS]) and fTTBD it follows that 
(7.28) 



{x^)\ 2e 



2e. 



+ — E" 
qn 



K,-e< liminf ( pl{x, /i'^) + e + — E'^ Z^''^ log(Z^''^^ 

nfoo 



Z'O'" log(Z^'") 



As in the upper bound case, it is necessary to get a bound on 

2e, 



IE" 



Z^'" log(Z^'") 



for large n. The bound is obtained by invoking Lemma 110.61 again. Specifically, it follows that 



2e 



E" 



Z^'" log(Z^'") 



< 



2e a ^ — e 
qn a-^ - £ 
2e 



E*^ 



qn{a 1 - e) \yn 



Z^'"log(Z^'") , 

y(y„Z«'")l +2Ku\logiyn)\+Kie,V) ] . 



1 „ 
— E" 



Using (I7:2i]l 

Z^'"log(Z^'") 



— E" 



< 



2£ 



< 



2n{a 1 - e) 
2e 



qn[pl{x,qn;h^) + e-¥.^ 



/i"Z^'" 



X + + 2Kc; I log(y„) \ + K{e,V)], 



Vn 



a 



vJIj{x) 



pI{x, qn, /i") + e + ||/i||oo + - -X + + 2Kc/| log(yn)| + if (e, V^) 
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Plugging this back into ()7.28p and using (|7.8p . (|7.13p . (|7.15p and ()7.16p yet again gives 

K^-e < liminf ( ( 1 + — — ) Prf(x,g„; /i") + e + — — (e + \\h\ 

7.29 ' ^ ^ 

/ 2e \ 2e 
= 1 + — ] liminfp^(3;,g„;/i") + £ + — {e + \\h\\oo) ■ 

The lower bound thus follows by letting e ^ 0. □ 
Proof of Proposition 7\ If (|3.8p holds for U then 

(7.30) = = liminf -if/-^(-e'') < limsup --{/"^(-e"^) = -. 
a xtoo a; ^^^^ x a 

where : {—oo,0) i-)' M is the inverse of U. Thus, there exists a sequence t co such that 
-(l/g„)f/-^(-e''") does not converge. Using q^, the constructed markets are based off the one 
period trinomial model. Specifically, let u, /i", /i™, /i'^ G R be such that 

(7.31) 0<n<l; /i := -(/i" + /i'^); h'^<h; a> ^ 



2' " ' - h-h^ 

Only the probability measure F"' changes with n. Specifically, set = {1,2,3}, F = , Tq = 
{O, 0} and Fi = F. Let 5*0 = 1 and 5i(l) = 1 + u, 5*1(2) = 1 , 5i(3) = 1 — u. As for the claim, let 
/ii(l) = /i", hi{2) = /i™, /ii(3) = /i^. Lastly, define P" via 

P"(l) = P"(3) = ^ (1 - e"''") ; ff'"(2) = e""?". 

In (I7.3ip . the first inequality ensures Si is positive, h ^ /i™ ensures that hi is not replicable and 
h > /i™ is assumed without loss of generality. The last inequality is needed to ensure the prices do 
not converge for U . 

Since S is a P" martingale it is clear that Assumptions 12 . 1] 12 . 6( [3T] hold . Note all the absolutely 
continuous martingale measures take the form Q"(l) = Q"(3) = Q"(2) = \ — 2q for some 
< g < 1/2 and all trading strategies are constants. Using the first order conditions U'{x + 
H'^{Si — So) + qnhi) = AZ^'" it can be directly verified for any U G C^(M) satisfying conditions 
i,ii) in Definition 12.41 that the value functions are given by 

(7.32) u1,{x) = U{x); n?}(x, g„; hi) = (1 - e-«")^7(x + qnh) + e-'?"[/(x + g„/i™). 

It is first shown that for all a > 0, all [/ G Ua and all x G M the prices Pij{x,qn', hi) converge. In 
light of Corollarv 13.51 it suffices to show convergence for some x G M and Ua{x) = — (l/a)e~"^. 
For ease of notation, set /3„ = p^^{x,qn;hi). Using (j7.32p and plugging in for Ua, the indifference 
pricing equation u^^{x) = vJlj^{x — qnf^n, Qn', hi) yields 

(7.33) - a/3„ = — log ((1 - e-'?")e-"^"'^ + e-^^e-"""'*" 

By Dembo and Zeitounil . Il998l . Lemma 1.2.15], limsup,„^Q(3(— a/3n) = — amin|/i, + The 
positivity of the two terms within the log in (I7.33P imply liminf„-|-oo(— o/^n) > —a min {/i, + /i™} 
and this yields the convergence of /3n to min {/i, + /i™}. 
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It is now shown that the prices p^{x,qn',hi) cannot converge for any x G M. To this end, let 
X G M, set (3n = p^{x, qn] hi) and assume that /? = lim„-|-oo (^n exists. Clearly, /i™ < P <h. First, 
assume (3 <h. Using (j7.32p . the indifference equation for /3„ is 

(7.34) U{x) = (1 - e-^")C/(x + - /?„)) + e-^"?7(x - (?„(/3„ - h^)). 

Since f7(cx)) = 0, if /3 < /i it clearly follows that U{x) = lim„^oo e~^" C/(x - gn(/5n - /i™)). This 
implies tj{x — qnif^n — h"^)) = anU{x)e'^'^ for some a„ — >■ 1. Thus 



in Qn 

which, after taking limits, yields 



/3„ = - + /i"^ - -tj-^ (anUix)e'^A , 

Qr,. Qn V / 



/i™ = lim - — tj-^ ( anU{x)e'^A . 

ntoo On ^ ' 



By (j7.30p the above equality implies (3 — > 0. Thus, applying Lemma 19.51 with U = U, 

In = oinU{x), 7 = tj{x) and I = f3 — hm it follows that 

l3-h"'= lim - — fJ-i (-e"") , 

nfoo q.„ 

but this violates the assumption on q^- Thus the only possible value for /? is h. But, if /3 = /i then 
the last inequality in (|7.3ip is violated. To see this, let e > be small enough so that h — h^^ — e > 0. 
For large enough n, /3„ > /i — e. The negativity of U{x) and (j7.34p imply 

-Uix) > e-'^-i-Uix - qni/3n - h"'))) > e"''" {-Uix - qn{h - h^ - e))) . 

This gives, upon taking limits 

0> -1 + limsup — log(-i/(x-g„(/i-/i'"-e))) , 

nfoo Qn ^ ' 

> -l + aih-h"" -e). 

where the last inequality follows by (13. 8j) . Taking e J, gives that a< \/{h — h^) but, this violates 
()7.3ip . Therefore, (3 and the proof is complete. □ 

8. Proofs from Section [3] 

Remark 8.1. Remarks on Notation. Since the probability space is not changing with n, unless 
explicitly mentioned otherwise, all expectations are taken with respect to P. Z"^'^ is still given as 
in (j7.ip since A^"'" may be changing with n. 

Proof of Lemma \4.3[ Here, A^"'" is not changing with n so write Ai"- = Ai^'"- and Z'^ = Z*^'". 
Clearly 



inf E 



Z^hiYr) > ess mf[h{YT)] = inf h{y), 

J P y&E 
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where the last equahty follows by the continuity of h and because for any open subinterval (a, b) of 
E, P [Yt G (a, b)] > 0. To show the reverse inequality, let m G R be such that P [/i(1t) < m] > 0. 
Set Am € J^T by Am = {hiYr) < m}. Let 6 > and consider the random variable 



X 



:i - 6)¥ [Am] + SF [A- 

By assumption there exist K > 1 such th a.t 1/K < X < K almost sur ely and clearly, E [X] = 1. By 
the Martingale Representation Theorem 



Karatzas and Shreve. 



1991 



Theorem 3.4.15] there exists 
a process rj, adapted to the P-augmented version of the right continuous enlargement of IF^ such 
that 



(8.1) 

Consider the process Z defined by 
Zt :=£ 



X = £ 



1 



r]sdWs 



P Jo 



0<t<T. 



where p = y^l — p^. It can be directly verified that ZS is a P local martingale. Furthermore, using 
the independence of W and Y from B it follows by taking iterative expectations that E [Zt] = 
E [X] = 1 and hence Q € for Q defined by Z"^ = Zt- Furthermore, taking iterative expectations 
again yields 

f-T 



E 



X logX + 



1 



{\{Yt) + pmYdt 



Since A and log(X) are bounded, it will follow that Q G M"- if E rjfdt < oo. To prove this, 
note that (jS.ip gives 



.2) 



2 70 



Vtdt 



rjtdWt- log X. 



The bounded-ness of log{X) implies rjtdWt is bounded from below and hence by Fatou's Lemma 



E 



VtdWt < 0. But, by (H^l), this gives E rjfdt < oo. Therefore, i/ ( 
G M"". Using iterative conditioning 

1 - 5)mP [Am] + 6suY>y^E \Ky)\ 



< oo and 



E 



T 



E [Xh{YT)] < 



[A„ 



5il-¥[Am]) 



Since this holds for each 5 > 



inf E 



Z^h{YT) 



< lim 



{l-S)mF[Am] + dsnpy^E\Hy)\ 



510 (1 

proving the result as m 4- ess infp [/i(Yt)]- 



[Am]+S{l-¥[Am]) 



m, 



□ 
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Proof of Lemma \4-4\ Under Assumption l4.lt the value function (x, q; /i") is given by Tehranchil . 
2004 Proposition 3.3]: 



(8.3) 



a 



Z{pn) exp ( -(1 - p^) ( aqh{YT) + \{Ytfdt 



ilhan et al 



where Z[pn) is given in ()4.6p . From 
<ln{p) to (j4.5p must satisfy the first order conditions 

dqUu^ {x - qp, q; h"- 



20051 . Theorem 3.1] it follows that the optimal 



P 



dxU^^ {x - qp, q; h"" 
which, specified to the current setup, yields 



E 



P 



E 



Setting qn{p) as in (14. 7p it follows that /3„ must solve (14. Sh . Defining the measure P" 
dP^/dP = Z{pn), dMI) takes the form 



via 



P 





"/i(y^)e-/3n'^C^T)-i(i-p2 ) Jo HYt^dt 


E 


in 


g-/3„M5^T)-|(l-p2 ) A(Yi)2dt" 





That such a /3„ exists and is unique now follows from Lemma 110.71 by setting P = P", X = /i(1t) 
and Y = -(1/2)(1 - pi) \{Ytfdt] and noting that that P" ~ P. □ 

Proof of Proposition Lemma [JOS] with X = h{YT), Y = -(1/2)(1 - p^) X{Yt)^dt, Y^ = 
-(1/2)(1 - pI) X{Ytfdt, Zn = Z{pn) and Z = Z{p) gives that (/3„)neN from gSD converge to 
/3* from (|4.1ip . (jiTT]) thus immediately gives (|4.10p . 

As for the statements regarding sup„ |(?n(p)|, assume that |p| = 1 and p ^ p. By Lemma 110.71 
it follows that /?* 7^ and hence by (14.10p . suPfj |9r!.(p)| — cx). Now, assume that either \p\ < 1 or 
that p = p. If IpI < 1 then by (j4.10p . sup„ kn(p)| < 00. If \p\ = 1 but p = p then, since /3* = 0, it 
is not immediately clear from (14. 7p if sup„ |gn(p)| < 00. However, this is indeed the case, as is now 
shown. Without loss of generality, assume p = I and set Z = Z{1) from (j4.6p . For p„ < 1 note 
that 



= Z^"exp( -p„(l 



/ Kyt)'' 

Jo 



dt 



Substituting this into (jSD 



E 



P 



ZP"h(YT) exp (-MYt) - ^(1 - Pn) /o KYtfdt 



E 



ZP^ exp ( -f3nh{YT) - i(l - Pn) fo KYt)^dt 



Since A(y) is bounded, for all p € M, E''" [Z''] < 00. Thus, Lemma [l0.9l applied to X = h{YT), Z = Z, 



Y = (1/2) XiYt)^dt and p = p shows /3{pn) = (in and /3(1) = /3* = 0. Furthermore, since 0, 
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part ii) of Lemma 110.91 proves that for n large enough 



|/3n| = |/3(Pn)| 



Pn 



<2|/3'(l)|(l-p„) 



Therefore, from (I4.7p 



Wn\ 



a 



□ 



a(l-Pn) "(1-Pn) a{l+pn) 

proving that sup„ kn(p)| < oo. 

Proof of Proposition 14- 6[ By Corollarv 13.51 it suffices to show (j4.16p for x* = and the exponential 
utility Ua- Using the definition of p]j^{x , q; K^) in (j2.14p and the formula for u'ij^{x , q; h) in (|8.3p 
(for hiXx) and the claim), one has for g„ = 7/(1 — p^) 



Puc. {o,qn;h) = — ^log 

07 



E 



E 



The result now follows by the dominated convergence theorem. 
Proof of Proposition \4- 7[ From 



Ilhan et al 



20051 . Section 5] it follows that 

,n,0 I Ti 



P^^ (x, g„(p); h)=p+ (i/ (q"''?"(^') \f)-H _ 

= p + I /'Qn,<?„(p) I Qn,0\ _ ]£ 



log 



5)n,0 



By construction, limn^ooPc/ {x,qnip)]h) - p = PiiP^) -PmW*)- Furthermore 



log 



T 



1 



-p„ / A(yt)(it^t - -pi / A(yt)^dt. 

JO ^ JO 



T 



Since A is bounded 



proving the result. 



lim — -^E 

ntoo 



log 



0, 



□ 



□ 



9. Properties of U and V for U GUa 
The following lemmas state some asymptotic properties of U, and V for any U GUa- 

Lemma 9.1. Let a > 0, U € Ua and refer to (I2.4p . ()2.5p and (12. Sp /or i/ie notation. Let a S 
and 5 > 0. Then 



(9.1) 



— a= lim — log(— ?7(a + 62;)), 

Xi-OD OX 



(9.2) -i^c/ < liminf-^log(-C/(a + 6x)) < limsup log(-C/(a + 6x)) < 
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and 

(9.3) ^i?„oo(f/) :=liminf^^ = cx); AE^{U) := limsnp^^^ < 0. 

xi-oo U[x) ^^oo U{x) 

Proof of Lemma [9J[ (|9.ip is obvious given (j2.5p . Since U'{0) = 1, lima;-|-oo U{x) = it easily follows 
from (I23D that 

(9.4) lim U'{x) = 0; lim l}{x) = —oo; lim xU'{x) = — oo; lim xU'{x) = 0. 

x^oo x],—oo xX—oo X'l'OD 



Ther efore, the statements regarding U in ()9.2p follow by applying I'Hospital's rule (see 



Rudin 



19761 . Chapter 5] for I'Hospital's rule with lim sup, lim inf) twice and using (j2.4p . The statement 



regarding AEoo(C^) is obvious since [/ < 0. As for the statement regarding AE_oo(f^), (|9.4p implies 
I'Hospital's rule may be used, yielding 

lim = hm 1 — xau{x) = oo. 

x^—oo U(X) xl—co 

□ 

Lemma 9.2. Let q > 0, J7 € Ua and set as its inverse. Let /3„ — )• and x„ oo. Then 

(9.5) lim —U^^ (-e''"^A = 

Proof of Lemma \9.2[ By way of contradiction, let e > and assume there exists a subsequence 
(still labeled Xn,Pn) such that for all n, {l/xn)U^^ (_ga;„/3„"j > ^^2. Upon inversion of C/ this 
implies /3„ < (l/x„) log {—U (ex„/2)), or that, as n t co, 

lim sup — log (—U (^^\\ > 0. 

ntoo ^ \ 2 / / 

But, this violates (j9.2p at a = and b = e/2. Similarly, assume there exists a subsequence 
(still labeled 2;„,/3„) such that for ah n, {l/xn)U-'^ (_e^"/3„^ < _^/2. This implies -(2/3„/e) < 
— (2/(e2;„)) log {—U{—exn/2)). Using (j9.ip (at a = 0, 6 = e/2, x = —Xn), this gives as n t oo that 
< —a. Therefore, the result holds. □ 

Lemma 9.3. Let a > 0, U £ Ua and refer to ()2.4p . ()2.5p and ()2.3p for the notation. Define V as 
in (|2.6p . Then V € C^(0,oo) is strictly convex. Furthermore, 

(9.6) i = lim ^^y^ 



a ytoo ylogy -y 

(9.7) — < lim inf — — < lim sup — — < Ku, 

Ku 2/4-0 ylogy -y y^Q ylogy -y 

and, for all y > 0, 



(9.8) 
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Remark 9.4. Note that (j9.7p implies liniy^o ^iu) = and hence V can be continuously extended 
to by setting V{0) = 0. 

Proof of Lemma \9.3l Since U' is strictly decreasing with lim^^ioo U'{x) = oo and limj^ioo U'{x) = 
it follows that (f/')~^ exists on (0, oo) and that lim.yiQ{U')~^ (y) = oo, limy^oo{U')~^ {y) = — oo. Set 
^(.y) — (P')~^{y)- Since U is and strictly concave it follows that the map y ^ I{y) is and 
hence so is V'{y) = —I{y). This proves that V G C^(0,oo). The strict concavity of U yields the 
strict convexity of V . Let e > 0. By (|2.5|) there exists some Kfr such that for x < —K^ 



Thus, for y large enough 



V{y) < max J sup f_e-(°-^)^ - xy) , sup {U{x) -xy) \ = — ^ (log ( ) - 1 ) 

[x<-Ke^ ' x>-K, J a-£\ \a-ej J 



This gives 



lim sup — < 



?/too 2/(logy-l) a-e 
Similarly, for y large enough 



Viy) > max J sup f _e-("+^)^ - xy) , sup iUix) - xy) \ = f log f ) - 1 ) 



This gives 



lim inf — — — r > 



ytoo ?/(logy-l) a + e' 
nSD follows by taking e | 0. As for ([921), at x = /(y). 



(9.9) F(y) = U{U'{x)) - xU'{x). 

Since limj,j^o I{y) = cxo it holds from (|9.4p that lim^io ^{y) = and hence V can be continuously 
extended to by setting V{{)) = 0. Furthermore, V'{y) = —I{y) so that limj^^o ^'(y) = — oo. Now, 
follows by two applications of I'Hospital's rule noting that 



(9-10) yy (y) = -wii^y 

and so K^^ < yV'iy) < Ku for y > 0. As for lim^^^o yV'{y) - V{y) = lim^;o -U{Iiy)) = 0. 

(^M) thus follows since by ([930]) 

-^<^ {y^'iy) - yiy)) < Ku- 

□ 
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Lemma 9.5. Let U G C^(R) satisfy eonditions in Definition \2.4\ and set as its inverse. 
Let 7„, — > 7 for 7 < 0. Let t 00 and assume that 

(9.11) lim -— ^7^1 (7„e''") = « 

"too r„ 

/or some / > 0. T/ien 

(9.12) lim - — ?7~^ (-e*^") = L 

ntoo r„ 

Proof of Lemma \9.5l Write U{x) = —e~-^^^^ and note that U satisfying conditions i, ii) in Definition 
(Mlimphes / G C2(]R), 1 = f'{0)e~f^^\ f'{x) > 0, lim^too/(a^) = and 

A{/ f'{x) 
Since /'(x) = -?7'(x)/C/(x), I'Hospital's rule and ([23]) give 

(9.13) < liminf /'(x) < limsup/'(x) < Ku- 

Ku xi-00 Xi-OD 

This implies /(— 00) = —00 so that f~^ maps ( — oo,0) into M. Set g = f~^. By construction 
U~'^{z) = g{-\og{-z)) for z < 0. (|9.1ip thus implies 

^i™ — ~f (~ log(-7n) - ?^n) = I, 

nfoo r„ 

which gives that (note : rn'l 00 implies g{—rn) X —00 so there is no problem dividing by g{—rn))- 

^n^A\ r 1 / x 9 (- log(-7„) - r„) 

(9.14) hm g{-rn) 1 ^ = I. 

ntoo rn 9{-rn) 

Now, 

,0 g(-log(-7n)-rn) ^ ^ 1 

Since g'{z) = 1/ f'{g{z)) and since z —00 implies g{z) — > —00 it follows by (j9.13p that for n 
large enough there is some K > Q such that 

-r„-log(-7„) 



(9.16) 



< K|log(-7„)|. 



g'{z)dz 

The claim follows using (|9.16p and the fact that lim.„^oo g{—i'n) = —00 in (|9.15p and then (j9.14p . □ 

10. Supporting Generic Lemmas 

Remark 10.1. Remarks on Notation Throughout this section, (17,7-", P) represents a generic 
probability space. All random variables (e.g. X,Y,Z ) are assumed to be in L^ ,W) and 
all expectations, unless explicitly stated otherwise, are with respect to P. Inequalities regarding 
random variables are assumed to hold P almost surely. For and U &Ua, denote by V the function 
in (gSD- 
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Lemma 10.2. Let y > 0. The following are equivalent: 

1) E [V{yY)] < oo for all a > 0, all U e Ua and all y > 0. 

2) E < oo for some q > 0, some U &Ua and some y > 0. 

3) E[yiogy] < C50. 

Remark 10.3. In Lemma [10.2| y logy and V{yY) are defined to be on {Y = 0}. Clearly, Lemma 
110.21 shows that E [^(yy)] < oo for some y > implies Y G As seen in the proof, 

Lemma [10.21 does not require (j2.5p : rather, it just uses (j2.4p and U'{0) = 1, [/(oo) = 0. 

Proof of LemmaMM Let a > and U e Ua- Using C/'(0) = l,[/(oo) = and ([23]) it easily 
follows that 

-Ku - -Le--^^^^ < U{x) <Ku- Kue-""/^", 
Ku 

from whence it follows that 

(10.1) - Ku + ^{\og z- I) <V{z) <Ku + Kuz{\ogz-l). 

The equivalences readily follow from (jlO.ip since for all K € M,z > 0, z < Kz + z log z + e~^ . 

□ 

Lemma 10.4. Let a > and U £Ua- LetY >0. IfE [V{Y)] < oo then the map y^E [V{yY)] 
is differentiable with derivative E [yy(yy)]. IfY^O then the map is strictly convex. 



Proof of Lemma\lU.4\ Recall from Lemma [10.21 that E [T^(y)] < oo implies E [l/(yy)] < oo for all 



y > 0. Let y > and consider the function 

e y 

Note that /(e,0) = 0. V e C^(0,oo) implies lim^^o /(Ej -2) = zV'{yz) — V{yz)/y. Furthermore, the 
convexity of V gives 

V{yz) 



f{e,z)<V{{l + y)z)-V{yz) 



y 



Thus, /(e, z) > and the result follows by the dominated convergence theorem applied to /(e, Y). 
The strict convexity of y i-t- E [y(yy)] in the case y ^ follows from that of V . 

□ 

Lemma 10.5. Let a > Q and U G Ua- Let Y > be such that E [Y] = 1, E [V{Y)] < 00. Let 
u < and consider the function 

h{y) ■= i (E [V{yY)] + xy - n) ; y > 0. 
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Then, there exists a unique y > which minimizes h. With Kjj as in ((2 

(10.2) ? < y < -^^u- 

Proof of Lemma \10.5[ By Lemma 110.41 it follows that 

h'{y) = ^ (E [yYV'iyY) - V{yY)] +u) . 

Consider the quantity 

(10.3) y^h'iy) -u = E [yYV'{yY) - V{yY)] . 

By (j9.8p . the dominated convergence theorem implies this is a continuous, strictly increasing func- 
tion of y such that 

limy^/i'(y) — u = 0; lim y'^h'{y) — u = oo. 
Thus, there exists a unique y such that y^h'{y) — u = —u > 0. Clearly this y satisfies h'{y) = 0, 



and is the unique minimizer of h{y) on (0,oo). Using (jlO.Sp and E [Y] = 1 it follows from ([97 
that y/Kjj < —u < Kjjy from which ()10.2p follows. □ 



Lemma 10.6. Let a > 0, U and y > 0- Recall the notation in (j2.4p and (j2.5p . Let Y > 

be such that E [Y] = 1 . For every ere exists some K{e, V) which does not depend 

on either y or Y such that 

(10.4) -E [V{yY)] < 2Ku | log y | + K{e, V)+(- + ^E [Y log Y] , 

y V« / 

and 

(10.5) -E [ViyY)] > -2Ku\\ogy\- K{e,V) + f - - e ) E [y log . 
y V« / 

Proof of LemmaMM Note that by ([23]), [/'(O) = l,C/(oo) = it follows from I'Hospital's rule 
that I^ij^ < ot < Ku which implies K^^ < < Kjj. Let < e < K^^ /2. By assumption, this 
means e < Kjj and gives 

(10.6) a~'^ + e <2Ku; < a'^ - e + Ku < 2Ku. 

By (j9.6p and (j9.7p there is some small 5 > depending only on e and V such that 

z<5^ Kuz{\og z-1) < V{z) < -^z(log z - 1) < 0. 

Ku 

The upper bound is handled first. 

W{yY)l{yY>5-^} < i(a-i +e)yy(log(2/y) - l)l|^y>5-i}, 

< (a^i + e)\ logy\Y + (a"i + e)y(logy - 1) - (a'^ + e)y(logy - l)l{j,y<5-i}, 

< (a^i + e)| log y|y + (a"i + e)y(log y - 1) + (a'^ + e). 



32 LARGE POSITION PRICING 

where in the last inequahty it was used that ^(logz — 1) > —1. Similarly, since V is convex and 5 
assumed small 

V(yy)l|5<,y<5-i} < ^max{-V{6),V{6-')}l{s<yY<5~^} < jmax{-V{6),V{6~')} . 
Lastly, {1 /y)V {yY)lf^yY <^s} ^ 0. Putting these three inequalities together gives 
(10.7) -E[V(yY)] < (a-^ +e)|logy| + (a"^ + e)E [Y logY] + 6'^ max i -V(S),V(5-^)] . 

y 

The lower bound is now handled. 

^ViyY)l{yY>5-^} > - e)yY{log{yY) - 

= (a-i _ e)Y{\og{yY) - 1) - (a"! - e)y(log(yy) - l)l{,y<5-i}, 

> -{a-^ - e)| logy|y + (a"^ - e)YlogY - (a"^ - e)Y - {a'^ - e)y(log(5-^) - 1), 

= -{a-^ - e)| logy|y + (a"^ - e)y logy - (a"^ - e)Ylog{6~^). 

Similarly, since U{0) < 0, 

^V{yY)l{s<yY<s-^} > ^UiO)l^s<yY<s-^} > jUiO). 
Lastly, since ^(logz — 1) > —1. 

W{yY)l^yy^s} > ^KuyY{log{yY)-l)l{yY<s} > -Ku\logy\Y - Ku. 

Putting these three inequalities together gives 
(10.8) 

-E [V(yY)] > -(a-^ - e + Ku)\ log y\ + (a'^ - e)E [Y log Y] - (a'^ - e) log((5-^) + S'^UiO) - Ku- 

y 

Using (jl0.6p the claim follows with 

K{e, V) = 6^^ max (-1^(5), V{6~^)} + {a'^ - e) log(ri) - 5-^U{0) + Ku- 

□ 

Lemma 10.7. Let X,Y he such that, for some K > {), \X\, \Y\ < K. For /3 G R, consider the map 

_ E [Xe-/^^+^] 
''~ E [e-/3^+^] ■ 

Then, unless X is almost surely constant, g is strictly decreasing with 

lim g{P) = ess sup [X] ; lim 5'(/3) = ess inf[X] . 

Thus, for every p € {ess inf^ [X] , ess sup^ [X]), there exists a unique f3{p) such that g{/3{p)) = p. 
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eX 



Proof of Lemma 10.7 Since \X\ < K, there is some ek such that for e < ek, (l/e)(e~^^ - 1) < 

inded convergence 1 

5'(/3) = -Var^[X]; 



2K. Since |y| < -fC the bounded convergence theorem imphes g is differentiable with 



Thus, since P ~ P, g{/3) is strictly decreasing unless X almost surely constant. Clearly, g{f3) > 
ess infp [X]. As for the other direction, let m be such that P [X < m] > 0. For /3 > 

E[Xe-''(^-"^^+^{lx<m + lx>m)] ^ Ke^ 



Since on {X < m}, lim/3-|-oo e~^^^~"^^~^^ = oo, Fatou's Lemma proves limsup^|oo dW) ^ Taking 
m 4 ess infp [X] gives the result. The result for lim^|_oo g{f3) follows by a similar argument. 

□ 

Lemma 10.8. Let X,Y, {Yn)ne'M such that, for some K > 0, \X\, |y|,sup„ \Yn\ < K. Assume 
that Yn^Y almost surely. Let {Zn)ne'H, Z he strictly positive and such that 

Zn ^ Z almost surely ; 1 = E [Z] = E [Z^ \/n € N. 

Assume X is not almost surely constant and let p € (ess infp [X] , ess supf. [X]). Then 
i) For each n there is a unique Pn satisfying 



E [ZnXe- 



-l3nX + Y„] 



^~ E[Zne-^-^+^-] ■ 
a) lim„^oo (^n = where /3 is the unique /3 S M solving 

Proof of Lemma \10.8[ Set P" via dF"'/dF = Z^. Part now follows from Lemma 110.71 applied to 
P = P", X = X and y = y„, noting that the strict positivity of Z^ implies P" ~ P. 

As for part ii) note that if some subsequence /3„j. — > /? for some /3 G M then by the dominated 
convergence theorem, /3 satisfies (jlO.lOp . Since by Lemma 110.71 there can be only one such /3, 
/3„ — )■ /3 if sup„gf!^ |/3.„| < oo. Assume, by way of contradiction, that there is some subsequence fin^ 
such that oo. Let m be such that P [X < m] > and note 

E [Z^Xe-MX-m)+Y„ (1^^^ + 1^^^)] j^^K 



E [Z„e-/3(^— (l^<^ + l^>^)] - E [z^e-MX-m)+Y„ i^^^] ' 

As /3„, — )■ oo, e~^"{X — m) converges to oo on {X < m} and hence by Fatou's Lemma, p < m. 
This is a contradiction since m was any constant such that P [X < jn] > and p > ess infp [X] . 
Thus the sequence (/3„)„gN is bounded from above. That (/3n)n6N is bounded from below follows 
by a similar argument. 

□ 
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Lemma 10.9. Let X,Y be such that, for some K > 0, \X\, \Y\ < K. Assume X is not almost 
surely constant. Let Z he strictly positive and such that E [Z^] < oo for all 5 € M. For />, /3 S R 
define the map 

(10 11) Hp b) = nxz^e.^{-px-{i-p)Y)] 

^ E[ZPexp(-/3X-(l-p)y)] • 

Let p G {ess infp [X] , ess supp [X]). Then 

i) For each p € M there exists a unique (3[p) such that h{p, l3{p)) = p. 
a) The map p ^ (3{p) is continuously differentiable on M. 

Remark 10.10. The integrabihty condition can be weakened on Z. For a,b €M, the map p i— )■ f3{p) 
will be in C^{a, b) if E [Z"-^] < oo, E [Z^] < oo. 

Proof of LemmaUEE Let peR. Since E'^ [ZP] < oo, define a measure F via d¥/d¥ = Z^/E^ [Z^]. 
Given this, part i) follows from Lemma 110.71 applied to F = P, X = hiYx), Y = —(1 — p)Y and 
noting that since Z is strictly positive, P ~ P. 

As for part ii) by the Implicit Function Theorem [Rudinl . 119761 . Theorem 9.28], the continuous 
differentiability of /3{p) will follow if the function h is also continuously differentiable and such that 
hjs / 0. Furthermore, in this case, /3'(p) = —hp/hi3\p^jj(^py 

It is necessary to show the partial derivatives exist and are continuous and h/^ ^ 0. With regards 
to hjs, by applying Lemma 14.41 as above, /1/3 exists and is strictly negative : indeed, hj^ is given by 

, , V Prvl ZPexp{-pX-{l-p)Y) 

hi3{p,(3) = -Var [X]; — - 



dF [ZP exp {-I3X - (1 - p)Y)] ' 

The continuity of hp now follows by the dominated convergence theorem and the moment condition 
on Z. To see this, let /3 e M and assume 13m ^ P and pm — > P- Clearly, ^P^e"'^™"^"*^^"''™)^ 
converges almost surely to ZPe~^'^~^^~P^'^ . And, for any small enough e > 0, for large enough m 

^-m+i+2e)K + zp+nz<i) < zp^e-^^^-^^-p"^'^^ < e(i/5i+i+2e)^ {zp+nz>i + zp-nz<i 

Note that the lower bound is needed for the denominator in dP/dP. As for hp, let p, /3 S M, e > 
be small and note that 
1 

e 

For X € M and any 7 > e 



- le'''^ - 1| < -[e''' - l)lx>o - xl^<o < -e'"' - xI^<q. 
£7 " 7 " 



Plugging this in gives, for any 7 > and £ < 7, 

ZP- \z'e'y - 1| < i^Pe^(iog^+r) _ zp {log Z + y)liogz+y<o, 



7 

< ^ZP+^ + ZP {\\og{Z)\+ K) . 
7 
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Therefore, the moment condition on Z allows invocation of the dominated convergence theorem 
(note : in the equation for /i, the denominator only differs from the numerator by the X term 
which is bounded), giving 

/ip(p,/5) = Cov^ [X,logZ + y]. 

The continuity of hp follows by a similar calculation as for /i^, using the bounds on X, Y and the 
moment condition on Z to invoke the dominated convergence theorem. 

□ 
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